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Abstract We study the efficiency of symmetrical one-range addition theorems for
Slater type orbitals which are used in the calculation of multicenter integrals arising
in the combined open shell Hartree–Fook–Roothaan equations for molecules. As an
example of application, the calculations are performed for the ground state of elec-
tronic configuration of molecules NH3 and CH2 that have the closed and open shells,
respectively. The results of computer calculations for the orbital and total energies
(in a.u.), and linear combination coefficients for symmetrical molecular orbitals are
presented.

Keywords Open shells · Slater type orbitals · Unsymmetrical and symmetrical
one-range addition theorems · Combined Hartree–Fock–Roothaan theory

1 Introduction

The choice of reliable basis atomic orbitals is of prime importance in molecular quan-
tum- mechanical calculations since the quality of molecular properties depends on
the nature of these orbitals. During the past few years, a pragmatic preference has
developed for Gausian type orbitals (GTO) basis functions. This is motivated by the
practical requirement for easy and rapid evaluation of multicenter integrals over GTO.
It should be noted that the GTO basis functions fail to satisfy two mathematical con-
ditions for atomic electronic distributions, namely, the cusp condition at the origin
[1] and exponential decay at long range [2]. The Slater type orbitals (STO) are viable
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alternative to GTO because they better suit these conditions than GTO. Therefore, it
is desirable to use STO basis set in electronic structure calculations.

It is well known that the two-range addition theorem is widely used in calculation
of multicenter integrals of STO [3]. Unfortunately, this theorem is not, in general,
suitable for applications due to the problems which arise in calculation of multicenter
integrals. Therefore, it is desirable to use the unsymmetrical or symmetrical one-range
addition theorems for STO suggested by one of the authors in [4] in which the prob-
lems of evaluation of multicenter integrals do not arise. The expansion coefficients of
unsymmetrical and symmetrical one-range addition theorems are the overlap integrals
and STO, respectively [4]. The unsymmetrical one-range addition theorems and their
applications have been discussed in our previous papers (see e.g., [5]). The purpose
of this work is to make of use the symmetrical one-range addition theorems in cal-
culations of multicenter integrals appearing in the combined Hartree–Fock–Roothaan
(CHFR) equations (see [6]) and electronic structure of molecules NH3 and CH2 with
closed and open shells, respectively.

2 Definitions and basic formulas

The multicenter integrals of CHFR equations examined in the present paper have the
following form:
multicenter nuclear attraction integrals

I ac,b
p1 p′

1

(
ζ1ζ

′
1

) =
∫

ρ∗
p1 p′

1

(
ζ1, �ra1; ζ ′

1, �rc1
) 1

rb1
d3�r1, (1)

multicenter electron-repulsion integrals

I ac,bd
p1 p′

1,p2 p′
2

(
ζ1ζ

′
1, ζ2ζ

′
2

)

=
∫ ∫

ρ∗
p1 p′

1

(
ζ1, �ra1; ζ ′

1, �rc1
) 1

r21
ρ

p2 p′
2

(
ζ2, �rb2; ζ ′

2, �rd2
)

d3�r1d3�r2, (2)

where pi ≡ ni li mi , p′
i ≡ n′

i l
′
i m

′
i , p ≡ nlm, p′ ≡ n′l ′m′ and

ρ
pp′

(
ζ, �rg; ζ ′, �rh

) = χp
(
ζ, �rg

)
χ∗

p′
(
ζ ′, �rh

)
. (3)

The normalized real or complex STO occurring in Eqs. 1–3 are determined by

χnlm (ζ, �r) = (2ζ )n+1/2[(2n)!]−1/2rn−1e−ζr Slm(θ, ϕ). (4)

3 Use of symmetrical one-range addition theorems for STO and charge densities

In order to evaluate one- and two-electorn multicenter integrals (1) and (2), we use the
following symmetrical one-range addition theorems for the STO and charge densities
established in previous paper [4]:
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χp (ζ, �ra) = lim
N→∞
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pq
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where k = n + n′ − 1, u′ ≡ µ′ − ανσ, z = ζ + ζ ′, t = ζ−ζ ′
ζ+ζ ′ , �R = �Rab, �P = ζ �R and
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The expressions for the coefficients Cν|σ |, Aσ
mm′ ,
αν

µµ′ (N ) , gαq
pp′ and Gαq

pp′occurring
in these equations are given in [7–9].

With the help of symmetrical one-range addition theorems (5) and (5), it is easy
to derive for the multicenter integrals the following formulas in terms of the charge
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density expansion coefficients and one-and two-center basic integrals: nuclear attrac-
tion integrals

I ac,b
p1 p′

1
(ζ1ζ

′
1) = lim

N1→∞

N1∑
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µ1−1∑
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p1 p′

1q1
(ζ1, ζ

′
1, z; �Rca, 0)J (1)

q1
(z1, �Rab),

(15)

electron-repulsion integrals

I ac,bd
p1 p′

1,p2 p′
2
(ζ1ζ

′
1, ζ2ζ

′
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= lim
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N2→∞

N1∑

µ1=1
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1q1
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p2 p′

2q2
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′
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q1q2
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Here, the basic integrals J (1)
q1 and J (2)

q1q2 are defined by

J (1)
q1

(z1, �Rab) = 1√
4π

∫
χ∗

q1
(z1, �ra1)

1

rb1
d3�r1 (17)

J (2)
q1q2

(z1z2, �Rab) = 1

4π

∫ ∫
χ∗

q1
(z1, �ra1)

1

r21
χq2(z2, �rb2)d

3�r1d3�r2. (18)

The relations for integrals (17) and (18) are presented in [9].
All the multicenter integrals (15) and (16) arising in the CHFR equations can be

calculated by the use of computer programs presented in our previous papers [10–14].
As an application, we have solved CHFR equations for the ground state of the mole-
cules CH2(1a2

12a2
11b2

23a1
11b1

1,
3 B1) and NH3(1a2

12a2
11e2

x 1e2
y3a2

1 , 1 A1) with C2v and
C3v symmetry, respectively. The Slater determinants, symmetrical molecular orbitals,
STO and coordinates of atoms are determined by for CH2

U (4ms7, 5ms8)

≡ U (. . . 4ms7, 5ms8)

= 1√
8! Â[u11/2(x1)u1−1/2(x2)u21/2(x3)u2−1/2(x4)u31/2(x5)

×u3−1/2(x6)u4ms7(x7)u5ms8(x8)]
unγ : u1a1 u2a1 u1b2 u1b1 u3a1 u4a1 u2b2
ui : u1 u2 u3 u4 u5 u6 u7

χnlm : χ100(H1) χ100(H2) χ100(C) χ200(C) χ211(C) χ21−1(C) χ210(C)

χp : χ1 χ2 χ3 χ4 χ5 χ6 χ7
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RC−H = 2.04468, αHCH = 132.4◦, H1(0,−1.87082, 0.82512), H2(0, 1.87082,

0.82512), C(0, 0, 0) (see [15]), for NH3

U ≡ U (. . . 51/2, 5 − 1/2)

= 1√
10! Â[u11/2(x1)u1−1/2(x2)u21/2(x3)u2−1/2(x4)u31/2(x5)u3−1/2(x6)

u41/2(x7)u4−1/2(x8)u51/2(x9)u5−1/2(x10)].
unγ : u1a1 u2a1 u1ex u1ey u3a1 u4a1 u2ex u2ey

ui : u1 u2 u3 u4 u5 u6 u7 u8

χnlm :χ100(H1) χ100(H2)χ100(H3) χ100(N )χ200(N ) χ211(N )χ21−1(N ) χ210(N )

χp : χ1 χ2 χ3 χ4 χ5 χ6 χ7 χ8

RN−H = 1.91099, αHNH = 123.4◦, H1(1.77059622, 0,−0.71896457), H2(−0.885
29811, 1.5333813,−0.71996000), H3(−0.88529811,−1.5333813,−0.71896457),

N (0, 0, 0) (see [15,17]). Here x ≡ xyzσ, uims (x) ≡ ui (x, y, z)ums (σ ) and ui (x, y, z)
are the molecular spin and spatial orbitals, respectively. The atomic orbital exponents
we take from [16].

The values of results of calculations for the determinantal and multideterminantal
wave functions, coupling-projection coefficients and solutions of CHFR equations for
ground state of electronic configurations are presented in Tables 1, 2, 3, and 4. The
symmetrized basis orbitals ϕp occurring in Tables 3 and 4 are determined through the
Slater type orbitals by the following relation:

ϕp =
∑

q

χq gqp. (19)

The molecular orbitals through the basic functions ϕp and χp are defined by

ui =
∑

p

ϕp Dpi , (20)

Table 1 The independent determinantal and multideterminantal wave fuctions

CH2 NH3

U (. . . 4ms7, 5ms8) �S
MS

U (. . . 51/2, 5 − 1/2) �S
MS

3B1 : 1A1 :
U1(41/2, 51/2) �1

1 = U1 U (51/2, 5 − 1/2) �0
0 = U

U2(41/2, 5 − 1/2) �1
0 = 1√

2
(U2 + U3)

U3(4 − 1/2, 51/2) �1−1 = U4

U4(4 − 1/2, 5 − 1/2) 1B1 : �0
0 = 1√

2
(U2 − U3)
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Table 2 The values of
coupling projection coefficients

i j kl CH2 NH3

Ai j
kl Bi j

kl Ai j
kl Bi j

kl

11 11 1 1 1 1

22 1 1 1 1

33 1 1 1 1

44 1/2 1/2 1 1

55 1/2 1/2 1 1

22 22 1 1 1 1

33 1 1 1 1

44 1/2 1/2 1 1

55 1/2 1/2 1 1

33 33 1 1 1 1

44 1/2 1/2 1 1

55 1/2 1/2 1 1

44 44 – – 1 1

55 1/4 1/2 1 1

55 55 – – 1 1

ui =
∑

p

χpC pi . (21)

The coefficients C pi in Eq. 21 can be determined from coefficient Dpi by the use
of relation

C = gD . (22)

The coefficient gqp have the form: for CH2

g =

⎛

⎜⎜⎜
⎜⎜⎜⎜⎜
⎝

0.6617112 0 0 0 0 0.7633422 0
0.6617112 0 0 0 0 −0.7633422 0

0 1 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 0 1
0 0 0 1 0 0 0

⎞

⎟⎟⎟
⎟⎟⎟⎟⎟
⎠

, (23)

for NH3
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Table 5 Comparison methods
of computing multicenter
nuclear attraction integrals over
STO obtained in the molecular
coordinate system with
screening constants ζH1(1s) =
ζH2(1s) = ζH3(1s) = 1.1 and
ζN (2s) = ζN (2px ) = ζN (2py ) =
ζN (2pz ) = 0.4 for NH3

Integrals Present work Refs. [18,19]

〈
H1(1s)

∣∣
∣ 1

r(H2)

∣∣
∣ H1(1s)

〉
0.3244017696 0.3244017696

〈
N (2px )

∣∣
∣ 1

r(H1)

∣∣
∣ N (2px )

〉
0.2122267034 0.2122267034

〈
N (2py)

∣∣∣ 1
r(H2)

∣∣∣ N (2py)
〉

0.2058341119 0.2058341119
〈
N (2py)

∣∣∣ 1
r(N )

∣∣∣ H3(1s)
〉

−0.6608685440 −0.6608685440
〈
N (2px )

∣∣∣ 1
r(N )

∣∣∣ H3(1s)
〉

−0.3815526318 −0.3815526318
〈
N (2px )

∣∣∣ 1
r(H3)

∣∣∣ H2(1s)
〉

−0.053302947 −0.0533340089
〈
N (2pz)

∣∣∣ 1
r(H3)

∣∣∣ H2(1s)
〉

−0.0432881649 −0.0433133904
〈
N (2py)

∣∣∣ 1
r(H1)

∣∣∣ H2(1s)
〉

0.0201604598 0.0202072870
〈
N (1s)

∣∣∣ 1
r(H2)

∣∣∣ H1(1s)
〉

0.0218639703 0.0219055127

g =

⎛

⎜⎜⎜⎜⎜⎜
⎜⎜⎜⎜
⎝

0.4751662 0 0 0 −0.9354616 0 0.8101335 0
0.4751662 0 0 0 0.4677308 0 −0.8101335 0
0.4751662 0 0 0 0.4677308 0 0 0

0 1 0 0 0 0 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1
0 0 0 1 0 0 0 0

⎞

⎟⎟⎟⎟⎟⎟
⎟⎟⎟⎟
⎠

. (24)

We see from Tables 3 and 4 that, in the case of minimal basis set, the results of
computer calculation obtained by the use of CHFR approach for the molecules CH2
and NH3 are satisfactory.

Numerical values of sample multicenter nuclear attraction integrals for NH3 are
given in Table 5. As can be seen from the Table 5, we compared our numerical results
with those obtained using the alternative schemes in [18,19]. We see from Table 5 that
the results presented show a good rate of convergence and numerical stability under a
wide range of quantum numbers, orbital exponents and internuclear distances.

4 Conclusion

It this study, the results of calculations, obtained by the use of closed and open shell
CHFR equations [6], are presented for ground states of NH3 and CH2 molecules. The
multicenter integrals in these equations are calculated with the help of symmetrical
one-range addition theorems for STO suggested by one of the authors. It can be con-
cluded that this newly proposed approximation leads to reasonable used as method of
electronic structure calculations.
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